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Abstract 
The improved line sampling (LS) technique, an effective numerical simulation method, is employed to analyze the probabilis-
tic characteristics and reliability sensitivity of flutter with random structural parameter in transonic flow. The improved LS tech-
nique is a novel methodology for reliability and sensitivity analysis of high dimensionality and low probability problem with 
implicit limit state function, and it does not require any approximating surrogate of the implicit limit state equation. The im-
proved LS is used to estimate the flutter reliability and the sensitivity of a two-dimensional wing, in which some structural prop-
erties, such as frequency, parameters of gravity center and mass ratio, are considered as random variables. Computational fluid 
dynamics (CFD) based unsteady aerodynamic reduced order model (ROM) method is used to construct the aerodynamic state 
equations. Coupling structural state equations with aerodynamic state equations, the safety margin of flutter is founded by using 
the critical velocity of flutter. The results show that the improved LS technique can effectively decrease the computational cost in 
the random uncertainty analysis of flutter. The reliability sensitivity, defined by the partial derivative of the failure probability 
with respect to the distribution parameter of random variable, can help to identify the important parameters and guide the struc-
tural optimization design. 
Keywords: flutter; aeroelastic; line sampling technique; Monte Carlo simulation; uncertainty; reduced order model 
1. Introduction1 
Aeroelastic analysis is very important in the aircraft 
design[1-2], and it is an interdisciplinary subject of 
aerodynamic load, elastic force and inertia force. Flut-
ter, a typical aeroelastic problem in aircraft design, can 
lead to aviation tragedy due to structural vibration di-
vergence in a short time. Conventional studies about 
the flutter issue are based on the assumption of com-
plete determinacy of structural parameters. This is usu-
ally referred to as deterministic analysis. However, 
there are uncertainties of geometric properties, material 
properties, loads distributions and working environ-
ment, etc. existing in the engineering practice, so the 
deterministic analysis cannot provide complete infor-
mation about the flutter responses. In order to study the 
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issue of wing flutter more rationally under the random 
uncertainties, the probabilistic analysis, an appropriate 
tool for the analysis of structural system with the ran-
dom uncertainties[3-4], must be introduced.  
The reliability analysis of flutter is a relatively new 
subject. The reference on probabilistic wing flutter 
analysis is infrequent up to now. Y. W. Liu, et al.[5] pre-
sented the sequence response surface method for the 
reliability analysis of wing flutter with the random 
natural frequency, and in several references, research 
on the issue of suspension bridge flutter is conducted 
by using the reliability analysis of flutter response by 
considering various uncertainties with different meth-
ods[6-8]. In general, these methods may be divided into 
four categories: ķ first-order reliability method, ĸ 
stochastic finite element method (SFEM), Ĺ response 
surface method (RSM), and ĺ Monte Carlo simulation 
(MCS).  
In previous studies[9-10], the limit state function is ex-
plicitly expressed in terms of the random variables. 
However, the flutter response in practical applications 
is an implicit function of these random variables. In 
other words, a closed form solution of flutter response 
is not available due to its complexity. Under such con-
ditions, the first-order reliability method and its corre-Open access under CC BY-NC-ND license.
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sponding improved methods for the explicit limit state 
function will be impracticable due to the inaccuracy or 
the insufferable computational cost[3].  
The SFEM[11-14] has been developed to predict the 
frequency response of the random structures. In addi-
tion, the SFEM being used in practical works has some 
drawbacks. First, it needs to derive the statistical pro- 
perties of the system response from those of the input 
variables. The evaluation of statistical properties may 
face severe mathematical and numerical difficulties for 
complex structures. Second, the derived information of 
the system response cannot be provided by the existing 
deterministic finite element model. Hence, using SFEM 
will result in trouble concerning some modification of 
the existing deterministic finite element model. Third, 
the method is not applicable to the random variables 
with high dimensions. 
RSM[15-19] is suitable for the reliability analysis of 
structures with implicit limit state functions. The basic 
idea of this method is to approximate the original im-
plicit limit state function by a simple response surface 
function. A major advantage of this method is that the 
implicit limit state function is represented by the ex-
plicit form, and the existing reliability analysis methods 
can be readily implemented. So the RSM has been 
widely applied to the reliability analysis of structures. 
However, the selection of experimental points and the 
form of response surface function are two unsolved 
problems for the reliability analysis of complex struc-
ture with highly nonlinear limit state function, and 
sometimes the RSM may be not converged. 
MCS[20-22] is a traditional method for the probabilis-
tic analysis. Its wide applicability is well known. The 
main advantages of this method are as follows: ķ en-
gineers with only a basic knowledge of probability and 
statistics will be able to use it;  it always provides ĸ
correct results when very large times of simulations are 
performed. However, its computational cost is seldom 
affordable for engineering application with small fail-
ure probability. 
To reduce the computational cost, different variance 
reduction techniques such as importance sampling[23] 
are developed. Refs.[24]-[27] presented the line sam-
pling (LS) technique to estimate the failure probability 
effectively. LS does not require any approximating 
surrogate of the limit state equation and combines the 
robustness with the accuracy. The LS technique can be 
widely applied to high dimensions, multiple failure 
domains and implicit performance function. On the 
basis of the LS method, Refs.[28]-[30] proposed the 
improved LS method and LS-based reliability sensiti- 
vity analysis method, which propagated the advantages 
of the LS method. In this article, the reliability and sen-
sitivity analysis based on the improved LS is employed 
for the reliability analysis of transonic flutter. 
The reliability and sensitivity of transonic wing flut-
ter model for the two-dimensional wing are analyzed 
using the improved LS technique. For flutter analysis, 
coupling structural equations with Euler/Navier-Stokes 
(N-S) equations-based unsteady computational fluid 
dynamics (CFD) algorithm, the structural response can 
be predicted in time domain with the fewest assump-
tions about the characteristics of the flow field. How-
ever, the challenges offered by this kind of aeroelastic 
analysis are those of computational time and their low 
effectiveness in the flutter elimination and parametrical 
design environments. In order to solve the contradiction 
between computational efficiency and computational 
quality, many researchers turned to use CFD-based 
unsteady aerodynamic reduced order modeling (ROM) 
method to improve the aeroelastic computational effi-
ciency in the last decade. Refs.[31]-[33] presented 
ROM and its applications on non-linear aeroelastic 
analysis. Ref.[33] compared the efficiency of ROM- 
based method and CFD direct simulation method. The 
efficiency of ROM-based method can be improved by 
1-2 orders of magnitude with accuracy still being re-
tained. Refs.[34]-[35] used CFD-based ROM to per-
form aeroservoelastic analysis, active flutter suppres-
sion and flutter analysis at high angle of attack. Based 
on the available methods of the flutter analysis, the 
safety margin of flutter reliability analysis is founded 
by use of the critical velocity of flutter.  
This article devotes to analyzing the reliability and 
sensitivity for the transonic flutter by use of the im-
proved LS method and uses the results of the reliability 
and reliability sensitivity analysis to investigate the 
effects of various parameters on the statistical proper-
ties of flutter responses.  
2. Improved LS-based Reliability and Sensitivity 
Analysis 
2.1. Improved LS-based reliability analysis 
LS evolved from the need for treating high dimen-
sional reliability problems with an implicit performance 
function. The procedure is performed in standard nor-
mal space, which is denoted by y usually. Conceptually, 
in the LS procedure, conditional MCS is applied. 
Before drawing samples, the important direction, 
usually denoted by , should be determined. In the 
standard normal space, the direction being from the 
origin of coordinate to the most probable point (MPP) 
in the failure domain is the optimal important direction. 
The vector  points to the direction of having greatest 
impact on the limit state function in the standard nor-
mal space. The key steps of LS are concerned with the 
searching of the optimal important direction and the 
drawing of the samples for the estimation of failure 
probability. In this article, these two key steps are im-
plemented with the aid of the samples distributed in the 
failure domain (denoted by F usually) and the samples 
distributed in F are simulated by Markov chain simula-
tion.  
In order to determine the optimal , we simulate the 
samples distributed in F by Markov chain simulation. 
Using f (y) to denote the probability density function 
(PDF) of random input variables and Pf to denote the 
failure probability, the conditional PDF q( y|F) of y 
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distributed in F can be given as q( y|F)=IF(y) f (y)/Pf. 
Markov chain simulation can accelerate the process of 
exploring the failure domain. Therefore, using q( y|F) 
as the stationary distribution of Markov chain, we can 
obtain the samples distributed in the failure domain F 
effectively and efficiently. Then we use these samples 
to determine the optimal  accurately and analyze the 
structural reliability by LS technique. The process is 
given step by step as follows. 
(1) Select y0 as an initial state of Markov chain: y0 
should be in the failure domain since the stationary 
distribution of Markov chain is q( y|F). 
(2) Determine the jth state yj of Markov chain: a 
proposed density function f ( y| yj-1) with the symmetry 
property and centered at the ( j-1) th state yj-1 is selected 
to generate a candidate state y. Then the ratio r = 
( | )q F qy ( yj-1|F) is computed. And yj = y with pro- 
bability min(1, r) and yj = yj-1 with the remaining pro- 
bability 1min(1, r) are set. 
(3) Repeat step (2) until N Markov chain states 
yj ( j=1, 2, Ă, N) are generated. 
(4) Calculate the average of the unit vectors yj /|| yj || to 
obtain the important direction 
1
1
|| ||
N
j
j jN 
 
y
y
  and 
the unit important direction e= / || ||   of LS. 
(5) Determine the corresponding random vector j
y  
for each Markov chain samples yj and select three dis-
crete points and evaluate their corresponding limit state 
function values, i.e. (cke+ j
y , g(cke+ j
y )) (k =1,2,3). 
A second-order polynomial can fit the coefficient jc , 
which is defined by the intersection in Fig.1 between 
the limit state function g( y) = 0 and the line lj(c,e). 
(6) Estimate the associated failure probability 
f
1
1ˆ ( )
N
j
j
P c
N 
   . 
 
Fig.1  Schematic diagram of improved LS method. 
2.2. Improved LS-based sensitivity analysis 
An important result of the structural reliability 
analysis is the sensitivity of failure probability with 
respect to the distribution parameter. The sensitivity 
analysis can identify the important distribution pa-
rameters. In addition, sensitivity analysis is also useful 
in reducing the dimensions of problems with large 
numbers of random variables [30,36]. Reliability sensiti- 
vity analysis using the improved LS technique can give 
good evaluations for high-dimensional problems with 
the implicit performance function. 
Assume the mean and the standard deviation of the 
normal variable zi are 	i and 
i respectively and both 
are denoted by
iz for the sake of easy expressing. By 
linear transformation yi = (zi	i)/
i, we can obtain an 
equivalent standard normal space y which is corre-
sponding to the original normal space z. Then the fai- 
lure probability can be evaluated by 
f
1
1ˆ ( )
N
j
j
P c
N 
    
Differentiating fˆP with respect to ,iz  the reliability 
sensitivity of Pf, i.e., the partial derivative f / izP   , 
can be evaluated by 
1 1
( ) ( )1 1
i i
N N
j j j
j jz j z
c c c
N N c  
     
  
    
   
where 2( ) exp( 2) 2j j jc c c       can be solved 
analytically and 
ij zc   can be obtained as mention- 
ed below. 
In order to determine /
ij zc   , we can construct the 
hyper-plane gj ( y)=0, which locates at the point j y  
j jc
e y and is perpendicular to the important direc-
tion e as shown in Fig.1. The equation of gj ( y) can be 
written as follows: 
,
1
( ) ( ) ( )
n
j j i j i i
i
g e y y

    y e y y      (1) 
where ei and ,j iy are the ith component of vectors e 
and jy respectively. 
From Fig.1, we know that ( )jc  is equivalent to the 
probability P{gj ( y)<0}, and the reliability index of 
linear limit state function gj ( y) is equal to jc . Then 
we can get the partial derivative 
ij yc    by the first 
order reliability method analytically, where 
iy  is the 
distribution parameter of yi. Since the random variable 
yi is the linear function of random variable zi, y = y(z) 
can be obtained analytically[37], where  y and  z are the 
distribution parameters of y and z. Based on the ana-
lytic relation y = y(z) and ,
ij yc   we can obtain 
( )( )
i i i ij z j y y z
c c          and finally obtain 
f
1
1ˆ [( ( ) )( )]
i i
N
z j j j z
j
P c c c
N
 

        by the chain 
rule of derivation. Introducing the probabilistic sensi-
tivity coefficients
iuS =(Pf /	i)(i /Pf) and iS
 = (Pf / 
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i)/(
i/Pf)[36], the reliability sensitivity estimators are 
transformed into dimensionless ones.  
3. Application to Transonic Flutter Model 
To investigate the computational efficiency and ac-
curacy of the improved LS-based reliability sensitivity 
method, several examples are presented in Ref.[28]. 
The example presented in this article relates to a much 
more complicated flutter analysis of two-dimensional 
wing. 
3.1. Description of model 
For the two-dimensional wing without damping, the 
structural motion equation can be written as 
 M K F                (2) 
where M is the mass matrix, K the stiffness matrix,  
the structural generalized displacement, and F the gen-
eralized aerodynamic force. For the wing with two- 
degree of freedom problem, we have 
2
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For the wing with three-degree of freedom problem, we 
have 
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where x is the dimensionless distance between the 
airfoil mass center and rigidity center (see Fig.2, in 
which b is the half chord of airfoil); x the dimen-
sionless distance between the mass center of control 
surface and revolution axis; r the dimensionless gyra-
tion radius of the airfoil gravity center with respect to 
the center of rigidity; r the dimensionless gyration 
radius of control surface with respect to revolution axis; 
af the dimensionless distance between the center of 
chord and mass center; a the dimensionless distance 
between the center of chord and rigidity center; Cl, Cm 
and Cn are the coefficients of lift, pitch moment and 
flap moment; ,  and h the natural frequencies of 
torsion, flap and bending modes respectively; h,  and 
 the denotation of plunge displacement, pitch angle 
and flap deflection respectively; and fV
 =V /( b 1/2) 
is the dimensionless critical velocity of flutter, V the 
velocity of freestream,  = m/( b2) the mass ratio,   
the density of air. In Fig.2, Kh, K and K are the airfoil 
plunge stiffness, airfoil torsional stiffness about elastic 
axis and flap torsional stiffness about hinge axis, re-
spectively. 
 
Fig.2  Configuration of airfoil with control surface.[35] 
The aeroelastic response of a two-dimensional wing 
without flap and with a flap (denoted by model 1 and 
model 2 respectively) are defined as the models for the 
flutter analysis. Table 1 shows the structural parameters 
of the model. The type of airfoil is NACA0012.  
Table 1  Structural parameters of model with control 
surface 
Paramter Value Parameter Value 
b/m 0.127 x 0.019 85 
 0.5 r 0.113 67 
af 0.5 h/(rad·s1) 4.45 
 25.24  /(rad·s1) 9.21 
x 0.431 6  /(rad·s1) 19.44 
r 0.730 14   
3.2. Deterministic flutter analysis 
A high-quality unsteady aerodynamic model is the 
basis for aeroelastic studies. Euler equations-based un-
steady flow solver has the ability to simulate the flow 
field with strong shock wave and shock wave moving. 
It is more efficient and mature than the N-S equations- 
based flow field solver. It is used to compute unsteady 
aerodynamic loads based on unstructured mesh because 
it is applicable to the complex configuration, such as 
the wing-body configuration. Spatial discretization is 
accomplished by cell-centered finite volume formula-
tion using center scheme. A second-order implicit 
scheme is used to integrate the equation in real time 
and the 4th Runge-Kutta time marching method is used 
in the pseudo-time.  
Giving the mode displacement (input), the genera- 
lized aerodynamic loads (output) can be computed by 
No.5 Song Shufang et al. / Chinese Journal of Aeronautics 22(2009) 513-519 · 517 · 
 
the mentioned flow field solver. Based on the study of 
Ref.[33], the ROM of transonic unsteady aerodynamics 
is constructed. The state space model is shown as fol-
lows: 
a a a a
a a a a
( ) ( ) ( )
( ) ( ) ( )
t t t
t t t
  !
"  #
x A x B 
f C x D 
         (3) 
where xa is the state vector, defined by generalized 
structural displacement vector , velocity vector   and 
generalized aerodynamic coefficient vector fa. The de-
tailed process can be found in Ref.[38]. 
By defining the structural state vector Ts [ ] x   , 
the structural equations in state space can be shown as 
follows: 
s s s s a
s s s a
( ) ( ) ( )
( ) ( ) ( )
t t q t
t t q t
  !
"  #
x A x B f
 C x D f
        (4) 
where  
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s 1
s
s
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
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Defining  
TT T
s a=     x x x  and coupling the structural 
state equations with aerodynamic state equations, we get 
the state equations of the aeroelastic system as follows: 
s s a s s a
a s a
q q 
   
 

A B D C B C
x Ax x
B C A
 
By computing the eigenvalue root loci of the matrix 
A under different dynamic pressures, the flutter char-
acteristics of the wing can be analyzed. According to 
characteristic analysis, the dimensionless critical ve-
locity of flutter fV
  is calculated when the Mach 
number Ma = 0.8. The root loci of the aeroelastic 
system are shown in Fig.3 for model 1 and model 2[1] 
respectively. 
 
 
Fig.3  Root loci of aeroelastic system. 
3.3. Uncertainties of example model 
According to the critical velocity of flutter fV
  de-
termined by the root locus analysis, the limit state func-
tion of wing flutter is constructed as 
*
f fg V V                 (5) 
where Vf is the dimensionless flight testing velocity, 
and the empirical value of Vf is *f f ( ) 1.15V V  . 
Considering that the natural frequency, parameters of 
gravity center and mass ratio are random parameters, 
the improved LS technique is adopted to analyze the 
reliability and corresponding sensitivity. The distribution 
properties of random parameters are listed in Table 2. 
Table 2  Distribution properties of random parameters 
Model Random parameter Mean value
Variation 
coefficient 
Standard 
deviation 
Distribution 
form 
x 0.431 6 0.03 0.012 948 Normal 
r 0.730 14 0.03 0.021 904 2 Normal 
 25.24 0.03 0.757 2 Normal 
h 4.45 0.03 0.133 5 Normal 
1 
 9.21 0.03 0.276 3 Normal 
x 0.431 6 0.03 0.012 948 Normal 
r 0.730 14 0.03 0.021 904 2 Normal 
x 0.019 85 0.03 0.000 595 5 Normal 
r 0.113 67 0.03 0.003 410 1 Normal 
 25.24 0.03 0.757 2 Normal 
h 4.45 0.03 0.133 5 Normal 
 9.21 0.03 0.276 3 Normal 
2 
 19.44 0.03 0.583 2 Normal 
3.4. Reliability and sensitivity analysis results 
By using the improved LS technique, the results of 
reliability and sensitivity analysis are listed in Table 3. 
And the results of dimensionless sensitivity analysis 
can be visualized by chart format as shown in Fig.4. 
The results show that the introducing of random pa-
rameters of the flap reduces the critical velocity of flut-
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ter and makes the failure probability be increased. The 
random parameters of the flap (x, r, ) and the fre-
quencies (h, ) have less effects on the flutter reli-
ability than the random variables x and r have when 
all the variation coefficients of random variables are 
identical. Increasing the mean of random variable  or 
decreasing its variability will improve the flutter reli-
ability, and reducing the variability and the mean of the 
plunge frequency h will improve the critical velocity 
and the reliability of flutter. These conclusions drawn 
from Fig.4 are consistent with the engineering experi-
ence for the bend-torsion coupling wing[1]. 
Table 3  Results of reliability and sensitivity analysis 
(Ma = 0.8) 
Method/Number of sampling 
MCS/108  Improved LS/103 
Model 
Sensi-
tivity 
coeffi-
cient Estimator 
Variation 
coefficient  Estimator 
Variation
coefficient
Pf/107    5.745 9 0.023 44 5.531 0 0.012 52 
x
S
	
    1.482 2 0.027 31 1.501 9 0.012 04 
x
S


    2.090 8 0.040 08 2.170 7 0.011 53 
r
S
	
 4.236 7 0.023 28  4.242 7 0.012 04 
r
S


 17.297 7 0.023 67  17.322 4 0.011 53 
S
	
   1.794 3 0.026 08   1.784 9 0.012 04 
S


   2.990 4 0.035 32   3.065 9 0.011 53 
h
S
	
   1.042 7 0.032 87   1.010 2 0.012 04 
h
S


   1.047 6 0.063 15   0.981 9 0.011 53 
S
	
 1.057 3 0.033 29     1.072 8 0.012 04 
1 
S


   1.092 9 0.064 23   1.107 5 0.011 53 
Method/Number of sampling 
MCS/(6&107) Improved LS /103 
Model 
Sensi-
tivity 
coeffi-
cient Estimator 
Variation 
coefficient 
 Estimator Variation coefficient
Pf/106  2.809 0 0.023 33 2.816 8 0.020 26
x
S
	
  1.642 8 0.027 11 1.627 0 0.019 34
x
S


  2.565 5 0.039 45 2.534 0 0.018 35
r
S
	
 3.553 2 0.023 41     3.552 9 0.019 34
r
S


 12.163 4 0.024 89 12.083 2   0.018 35
x
S
	
   0.306 4 0.084 36 0.290 6 0.019 34
x
S


   0.091 3 0.037 15 0.080 2 0.018 35
r
S
	
    0.704 3 0.043 65     0.717 3 0.019 34
r
S


  0.520 5 0.098 94 0.492 5 0.018 35
S
	
  1.845 2 0.025 73 1.865 9 0.019 34
S


  3.234 9 0.034 53 3.33 28 0.018 35
h
S
	
  1.392 5 0.028 48 1.391 1 0.019 34
h
S


  1.852 6 0.045 04 1.852 3 0.018 35
S
	
   0.571 0 0.048 72     0.553 2 0.019 34
S


 0.278 0 0.051 75 0.293 0 0.018 35
S
	
   0.919 8 0.038 03     0.927 5 0.019 34
2 
S


  0.826 9 0.074 18 0.823 5 0.018 35
 
 
Fig.4  Histogram of sensitivity coefficient. 
4. Summary and Conclusions 
Markov chain simulation in conjunction with the 
improved LS is utilized to analyze the reliability and 
corresponding reliability sensitivity with high dimen-
sionality and small failure probability. The use of im-
proved LS technique has the following advantages: 
Markov chain samples are not only used to search for 
the important direction, but also used as random sam-
ples of the LS. Therefore the improved LS can signifi-
cantly reduce the computational cost. Since no surro-
gate response surfaces are introduced, the improved LS 
is applicable to the implicit limit state function. As an 
example of the application of improved LS algorithm, 
the transonic flutter reliability and sensitivity analysis 
of a two-dimension wing without and with a flap are 
carried out. The sensitivity analysis results identify the 
important distribution parameters of transonic flutter 
reliability problem. And these conclusions are consis-
tent with the engineering experience for the bend-tor- 
sion coupling wing. 
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